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Abstract—This paper 1 presents a novel feature selection
scheme based on the upper bound of Bayes error under normal
distribution for the multi-class dimension reduction problem.
The upper bound of Bayes error in the multi-class problem is
represented by the sum of the upper bound of Bayes error of
every two-class pair. In order to obtain an accurate solution of
the feature selection transform matrix in term of the minimum
upper bound of Bayes error, a recursive algorithm based on
gradient method is developed. The principal component analysis
(PCA) is used as a pre-processing to reduce the intractably heavy
computation burden of the recursive algorithm. The superior
experimental results on the handwritten digit recognition with
the MNIST database demonstrate the effectiveness of our
proposed method.
Keywords—feature selection based on minimum error bound
(FME); fast feature selection based on minimum error bound
(FFME); PCA pre-processing; recursive algorithm; handwritten
digit recognition

I.
INTRODUCTION
The feature selection is one of the basic topics in pattern
recognition, which plays an important role in multimedia
signal classification. Generally speaking, the feature selection
problem is to map the original high dimensional feature space
into an optimum lower one based on certain criterion.
Theoretically, the minimum Bayes error is the best criterion to
evaluate feature effectiveness for classification. However, it is
too complicated for the multi-class dimension reduction
problem [1].
In practice, Mahalanobis distance feature selection may be
a good method. The Linear Discriminant Analysis (LDA) [2]
or so called Fisher Discriminant Analysis (FDA) [3] can be
considered as the approximate schemes for Mahalanobis
distance feature selection. But these feature selections have no
direct relation with the Bayes error.
On the contrary, the Bhattacharyya distance can be used as
an optimization criterion for feature selection which gives the
upper bound of the Bayes error [1]. To the best of our
knowledge, only approximate solutions of upper bound of
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Bayes error of normal distribution can be obtained by
Bhattacharyya distance in the last decades except paper [4].
In this paper we achieve the accurate solution by a
recursive algorithm. Now we prefer to use the term Feature
Selection "based on Minimum Upper Bound of Bayes Error
"in this paper instead of "based on Bhattacharyya distance",
because the classification error can be shown correctly under
multi-classes, see formula (7) in next section. We name this
method as Feature Selection based on Minimum Upper Bound
of Bayes Error (FME). To reduce the computational
complexity of FME, a PCA pre-processing is used to speed up
the recursive algorithm without sacrificing the high
classification performance. We name this scheme as Fast
Feature Selection based on Minimum Upper Bound of Bayes
Error (FFME).
The paper is organized as follows. A multi-class feature
selection algorithm based on the upper bound of Bayes error is
formulated in Section II. A recursive algorithm is derived in
section III. In order to improve the processing speed, a feature
selection using PCA as pre-processing is also presented in
Section IV. The experimental results of handwritten digit
recognition with MNIST database [5] are presented in Section
V and the conclusions are drawn in Section VI.
II.

THE UPPER BOUND OF BAYES ERROR PROBABILITY OF
MULTI-CLASS PROBLEM

A. Two-class problem:
The upper bound of Bayes error probability ε ij and
Bhattacharyya distance µi j (1 2 ) for two classes i and j with
normal distribution can be obtained by:
1
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where φ is the feature selection transform matrix which maps
the original feature space into a reduced feature space.
M i and M j are the means of class i and j, respectively.
Wi and W j are the within-class scatter matrices for class i and j

in the original n-dimensional feature space, respectively.
W% i and W% j are the within-class scatter matrices for class i and
~

j in the reduced feature space, respectively. W ij and B%ij denote
the average within-class scatter matrix and between-scatter
matrix for class i and j in the reduced feature space.
B. Multi-class problem:
If there exist L normal distributed classes which have equal
prior probabilities, the upper bound of Bayes error probability,
ε , can be expressed as :
L
L
1 L L
ε = ∑∑ ε ij = ∑∑ exp ⎡⎣ − µij (1 2 ) ⎤⎦
(7)
L i > j j =1
i > j j =1
where ε ij is the upper bound of Bayes error probability of
every two-class pair as defined in last subsection.
III. RECURSIVE ALGORITHM
The purpose of the proposed scheme is to find a m×n
dimensional linear transformation matrix φ which maps the
n-dimensional original feature space to the m-dimensional
reduced feature space by minimizing the upper bound of
Bayes error probability, where m < n .
Therefore the linear feature selection can be expressed as:
φt X = Y
(8)
where X is the original n-dimensional vector and Y is the
reduced m-dimensional vector.
In order to minimize the upper bound of Bayes error
probability ε , we can obtain the optimal solution by:
∂ε
=0
(9)
∂φ
From the formula (see formula A16 and formula A27 at
pp. 566-568 in [2]), we have:
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In order to solve the equation (9), we propose a recursive
algorithm based on gradient method as φ r + 1 = f (φ r ) .
Therefore, the procedure of the recursive algorithm to solve (9)
with the step length λ for the rth recursive step can be shown as:

∂ε
∂φ
The recursive algorithm continues until
|| φ r + 1 − φ r ||< δ
where δ is a small threshold value.

φr + 1 = φr − λ

(13)
(14)

IV. PCA PRE-PROCESSING
Although the recursive algorithm can get the accurate
solution of the feature selection matrix, its computational
burden is heavy and time consumption is high, especially
when the dimension of the original feature space is large.
To overcome this problem, we further propose a Fast
Feature Selection Based on Minimum Upper Bound of Bayes
Error (FFME) in which PCA is applied as a pre-processing
method before the recursive algorithm is used.
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Fig. 1. An example of the proposed FFME method

Fig. 1 illustrates the block diagram of the proposed scheme.
In this example, a PCA pre-processing is carried out to reduce
the original dimension n0 to a middle dimension n. Then, the
recursive algorithm is used to do the rest of the dimension
reduction, namely, from n to m.
Traditionally, the PCA feature selection finds the optimal
feature selection transform matrix by maximizing the
criterion J PCA , namely:
AP = arg max ( J PCA )

(15)

A

where

J PCA = tr ⎡⎣ At (W + B ) A⎤⎦

(16)

where W and B are the covariances of within-class scatter
matrices and between-class scatter matrices respectively.
PCA feature selection is well known for its effective
representation of the original pattern and not for classification.
But in some cases, PCA feature selection is also effective to
classification problem. Our analysis and experimental results
show that when the between-class scattering is dominant over
the within-class scattering, PCA feature selection
performances very good for pre-processing.
Some reasons make PCA preprocessing effective. The first,
the ranks of the scatter matrixes of the samples are usually not
full. We can’t use the recursive algorithm directly. The scatter
matrixes might be full after PCA pre-processing used. The
second, PCA pre-processing can get rid of the noises
effectively, sometimes can enhance the robustness of the
algorithms. Finally, our extensive experiments show that when
the between-class scattering of the original patterns are
dominant over the within-class scattering, the data after PCA

V.

EXPERIMENTS

A.

Experiment 1
The data used in this experiment are adopted from [1]. It is
an 8-dimensional 4-class case (n0 = 8).
In this experiment, we investigate the performance of PCA
as a function of the between-class distance. To do this, we
simply multiply every mean vector by a scaling coefficient F
while keep all within-class scatter matrixes fixed. In this way,
we can adjust the between-class distance conveniently. For
example, the between-class distance is unchanged when F=1.
The between-class distance will increase to 4 times when F=2.
And so on. The bigger F is, the larger between-class distance
is.
Fig. 2 and 3 show the results for different resultant
dimension cases. The black vertical lines at the center of the
figures indicate F=1. We find out, for both cases, the
performance of PCA becomes better and better while F
increases. When F>5，the performance difference between
PCA and the proposed algorithm is really trivial. It means that
when the between-class distances in this kind of data are large,
it is reasonable for us to utilize PCA as pre-processing without
sacrificing the performance.
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Fig. 2. Performance comparison between PCA and FME for
different between-class distances (reduced from 8D to 7D).
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pre-processing can still preserve enough classification
information. Therefore, PCA pre-processing can improve the
computational speed dramatically without compromising the
classification performance of the feature selection algorithm if
we choose the middle dimension appropriately.
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Fig. 4. Comparison of different feature selection schemes.

Fig. 5. The samples of the handwritten-digits in the MNIST database.

In Fig. 4, we show the comparison of different feature
selection schemes, the data are also adopted from [1]. We
compare our proposed algorithms with other feature selection
schemes for different resultant space dimensions. The
horizontal axis in the figure stands for resultant space
dimension and the vertical axis is the upper bound of Bayes
error. As we can see, the error rates of the proposed
algorithms are lower than those of other schemes. We also
observe that the difference in this kind of data between the
algorithms with (FFME) and without (FME) PCA preprocessing is very small.
B. Experiment 2 (FFME performance evaluated by the
upper bound of Bayes error)
In this and next experiment, the handwritten digit
recognition is applied on the MNIST database [5]. There are
totally 60,000 digit images from 0 to 9 in MNIST. The size of
each digit image is 28×28 (n0 = 28×28 = 784). Therefore, this
experiment is a 784-dimensional 10-class case (n0=784). The
dimension of the resultant subspace is set to 30 for
classification (m=30). Fig. 5 illustrates the original expected
vectors of these handwritten digits
The middle dimensions by PCA pre-processing are set to
500, 400, 300, 200, 100, 50, 40 and 30, respectively. The
highest middle dimension is 500, because the rank of the
scatter matrixes is 500. The recursive step size we used in the
experiment is λ = 0.01 in (13). Actually, In FFME, we reduce
from n=500 to a middle dimension by FME and further reduce
from a middle dimension to n=30 by PCA.

0.5
0.4
0.3
0.2
0.1
0
-1
10

10

0

10

1

Zo o m C o e fficie nt

Fig. 3. Performance comparison between PCA and FME for different
between-class distances (reduced from 8D to 5D)

The experiment is running on a personal computer with a
Pentium IV 1.8G CPU and 256M Rambus memory. The
experimental results are shown in Table I. As we can see, if we
choose appropriate middle dimension, the proposed FFME
scheme gives an excellent tradeoff between the classification
performance and processing speed. For example, when the
middle dimension n is set to 100, the upper bound of error rate
achieved by the proposed algorithm with PCA pre-processing
is only a little bit larger than that of the pure recursive
algorithm ((1.05-0.98) / 0.98 = 7%), but the time consumed by

the pure algorithm is about 202 times more than that consumed
by the algorithm with PCA pre-processing. Therefore, the
proposed algorithm with PCA pre-processing gives an effective
tradeoff between the upper bound of Bayes error rate and the
computational complexity, which makes it more practical.
TABLE I. “COMPUTATIONAL RESULTS”(THEORETICAL UPPER BOUND OF
BAYES ERROR)
Middle
Dimension (n)

Upper bound
Error (%)

Time Consumption
(Minutes)

0.98
0.98
0.98
1.00
1.05
1.36
1.54
1.77

17×60
69
40
19
5
2
1
~0

500
400
300
200
100
50
40
30

C. Experiment 3(FFME performance evaluated by practical
results )
TABLE II.METHODS COMPARISION AND TIME CONSUMPTION
Methods
Dimension or Time
Original 500D,
Middle 100D
Middle:100D,
Resultant:9D
Time
Consumption

A
(FME)

B
(FFME)

C
(LDA)

D
(PCA)

Recursive

PCA Preprocessing

Recursive

Recursive

~8 Hours

~5
minutes

no
Recursive
no
Recursive
~0.5
minutes

no
Recursive
no
Recursive
~0.2
minutes

TABLE III. “STATISTICAL RESULTS” (ACTUAL CORRECTION RATE OF
CLASSIFICATION %)
Methods
Patterns
0
1
0
1
2
3
4
5
6
7
8
9
Average

A
(FME)
97.02
95.48
97.02
95.48
92.98
89.32
93.22
91.40
94.76
92.62
88.50
90.96
92.63

B
(FFME)
96.34
94.64
96.34
94.64
93.10
89.40
93.86
91.20
94.46
92.76
89.06
90.14
92.50

C
(LDA)
95.70
93.96
95.70
93.96
88.94
84.32
89.78
83.34
93.50
95.56
82.84
86.48
88.94

D
(PCA)
94.10
96.14
94.10
96.14
87.44
83.68
83.02
87.18
93.72
89.06
82.12
73.36
86.98

In experiments 1-2, the upper bound of the classification
error is used as the criterion for the evaluation of the
performance of the classification after feature selection. The
results in these experiments show that the proposed scheme
outperforms PCA and LDA in term of upper bound of the
classification error. However, the relation between the
Bhattacharyya distance and the upper bound of Bayes error is
derived assuming that the samples are with normal
distributions. In practice, this assumption can not be always
satisfied. To evaluate the performance of the proposed

algorithm for these cases, we conduct the following
classification experiment for the samples in MNIST database.
In this experiment, we select 5000 samples in each of the
10 digit-patterns randomly. Four feature selection schemes are
applied for classification: A. FME; B. FFME (FME with PCA
pre-processing); C. LDA; D. PCA only. All the methods
reduce the dimension of the original sample space into a 9dimentional space first (10 classes, there are at most 9dimensional features are preserved in LDA). Then, a Bayes
classifier is utilized for classification. The results are shown in
table II and III. The experiment is running on a personal
computer with a Pentium IV 1.8G CPU and 256M Rambus
memory.
Although the samples in MNIST database do not
completely satisfy the normal distribution assumption, the
results in table II and III show that the proposed feature
selection schemes (FME and FFME) outperform the LDA and
PCA in term of true correction rate of classification. At the
same time, the correction rate of the recursive algorithm with
PCA pre-processing (FFME) is a little bit lower (~0.13%
dropped) than that of the pure recursive algorithm (FME), but
the time consumption decreases significantly. Therefore, the
PCA pre-processing makes the proposed algorithm more
practicable.
VI. CONCLUSIONS
1. This paper proposed a feature selection algorithm based
on the upper bound of Bayes error for multi-class
classification problems. The upper bound of Bayes error
probability in the multi-class problem is represented by the
sum of the classification error probabilities of every two-class
pair while the latter is obtain by the two-class Bhattacharyya
distance.
2. This paper presented a recursive algorithm to find the
accurate solution for the feature selection transform matrix
based on upper bound of Bayes error probability.
3. This paper proposed a fast feature selection based on
minimum error bound (FFME) in which PCA is applied as a
pre-processing method to reduce the original dimension to a
middle dimension before the recursive algorithm is used.
4. The experimental results have shown that FFME speed
up FME significantly without sacrificing the performance of
classification.
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